
Ìîäóëü 1

Âàðèàíò 1
1. Äåòåêòèâ Ø. Õîëìñ ïîäîçðåâàåò â ñîâåðøåíèè ïðåñòóïëåíèÿ òðåõ ëèö: A,B è C. Îí

óñòàíîâèë, ÷òî
à) åñëè B ïðåñòóïíèê, òî è C ÿâëÿåòñÿ ïðåñòóïíèêîì ;
á) êòî-òî îäèí èç ïàðû A,C ÿâëÿåòñÿ ïðåñòóïíèêîì (íî íå îáà âìåñòå);
â) åñëè C íå ïðåñòóïíèê, òî è A íå ïðåñòóïíèê.
Îïèøèòå çíàíèÿ Ø. Õîëìñà â âèäå áóëåâîé ôîðìóëû è ïîñòðîéòå òàáëèöó åå çíà÷åíèé. Ìîæåò
ëè îí ñäåëàòü âûâîä, ÷òî C ÿâëÿåòñÿ ïðåñòóïíèêîì? Ìîæíî ëè äîñòîâåðíî óòâåðæäàòü, ÷òî
ïðåñòóïíèê äåéñòâîâàë â îäèíî÷êó?

2. Íàáîðû çíà÷åíèé áóëåâîé ôóíêöèè îò òðåõ àðãóìåíòîâ óïîðÿäî÷åíû ëåêñèêîãðàôè÷åñêè.
Åå çíà÷åíèÿ çàäàþòñÿ ñëåäóþùåé ïîñëåäîâàòåëüíîñòüþ 8 íóëåé è åäèíèö:
f = (0100 1111).
Íàéòè çàäàþùèå ýòó ôóíêöèþ ñîêðàùåííóþ äèçúþíêòèâíóþ íîðìàëüíóþ ôîðìó è ìíîãî÷ëåí
Æåãàëêèíà (ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ).

3. Èñïîëüçóÿ îñíîâíûå ýêâèâàëåíòíîñòè, íàéòè ýêâèâàëåíòíûå ñîêðàùåííûå ÄÍÔ è ìíîãî-
÷ëåíû Æåãàëêèíà è äîêàçàòü ýêâèâàëåíòíîñòü ñëåäóþùèõ ôîðìóë:
Φ = (¬(X → (¬Y → (X ∧ ¬Z))) ∧ (Z ∨ ¬(X ∧ Y ))), Ψ = ((X ∧ Z) + (X ∧ Y ∧ Z)).

4. Äëèíîé ìíîãî÷ëåíà Æåãàëêèíà íàçûâàåòñÿ ÷èñëî åãî ñëàãàåìûõ (ýëåìåíòàðíûõ êîíú-
þíêöèé). Íàïðèìåð, p(X1, X2) = 1 + X1 + X1 ∗X2 èìååò äëèíó 3. Ñêîëüêî ñóùåñòâóåò ðàçëè÷-
íûõ ìíîãî÷ëåíîâ Æåãàëêèíà îò n ïåðåìåííûõ äëèíû k, êîòîðûå îáðàùàþòñÿ â 0 íà íàáîðàõ
(0, 0, . . . , 0) è (1, 1, . . . , 1), ñîñòîÿùèõ èç îäíèõ íóëåé è åäèíèö, ñîîòâåòñòâåííî? Ïðèâåñòè äî-
êàçàòåëüñòâî.

Âàðèàíò 2
1. Ïðîãðàììèñò Ïåòð èñïîëüçîâàë â ñâîåé ïðîãðàììå òðè öåëî÷èñëåííûå ïåðåìåííûå x, y

è z. Â îïðåäåëåííîì ìåñòå ïðîãðàììû îí ïîìåñòèë óñëîâíûé îïåðàòîð:
IF (x ∗ y ≥ 0) OR (x ∗ z ≥ 0) THEN x = 1 ELSE x = 2;

Ïðîàíàëèçèðîâàâ ñâîþ ïðîãðàììó Ïåòð óñòàíîâèë, ÷òî ïåðåä âûïîëíåíèåì ýòîãî îïåðàòîðà
âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
à) åñëè z < 0, òî x < 0 èëè y ≥ 0;
á) x ≥ 0 èëè y < 0;
â) åñëè y < 0 , òî õîòÿ áû îäíà èç ïåðåìåííûõ x, z îòðèöàòåëüíà, íî íå îáå âìåñòå.

Îïèøèòå çíàíèÿ Ïåòðà â âèäå áóëåâîé ôîðìóëû. Ìîæåò ëè îí îïòèìèçèðîâàòü ïðîãðàììó,
çàìåíèâ óêàçàííûé óñëîâíûé îïåðàòîð íà ïðèñâîåíèå x = 1 èëè íà ïðèñâîåíèå x = 2? Åñëè
"äà", òî íà êàêîå?

2. Íàáîðû çíà÷åíèé áóëåâîé ôóíêöèè îò òðåõ àðãóìåíòîâ óïîðÿäî÷åíû ëåêñèêîãðàôè÷åñêè.
Åå çíà÷åíèÿ çàäàþòñÿ ñëåäóþùåé ïîñëåäîâàòåëüíîñòüþ 8 íóëåé è åäèíèö:
f = (1001 0110).
Íàéòè çàäàþùèå ýòó ôóíêöèþ ñîâåðøåííóþ ÊÍÔ è ñîêðàùåííóþ ÄÍÔ.

3. Èñïîëüçóÿ îñíîâíûå ýêâèâàëåíòíîñòè, íàéòè ýêâèâàëåíòíûå ÊÍÔ è ñîêðàùåííûå ÄÍÔ
è äîêàçàòü ýêâèâàëåíòíîñòü ñëåäóþùèõ ôîðìóë:
Φ = (((¬X ∧ ¬Y ) → ¬Z) ∧ (X → Y )), Ψ = (¬Y → (¬X ∧ ¬Z)).

4. Äëèíîé ìíîãî÷ëåíà Æåãàëêèíà íàçûâàåòñÿ ÷èñëî åãî ñëàãàåìûõ (ýëåìåíòàðíûõ êîíú-
þíêöèé). Íàïðèìåð, p(X1, X2) = 1 + X1 + X1 ∗ X2 èìååò äëèíó 3. Ïîêàçàòü, ÷òî äëÿ âñÿêîãî
k (k ≤ 2n) ñóùåñòâóåò ìíîãî÷ëåí Æåãàëêèíà P (X1, . . . , Xn) äëèíû, íå áîëüøåé, ÷åì n, äëÿ
êîòîðîãî ÷èñëî åäèíèö |N+

P | = k. (Óêàçàíèå: èñïîëüçóéòå èíäóêöèþ ïî n.)
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Ìîäóëü 2

Âàðèàíò 1
1. Èñïîëüçóÿ òåîðåìó Ïîñòà, âûÿñíèòü, ïîëíà ëè ñëåäóþùàÿ ñèñòåìà ôóíêöèé:

{(10010110), (01111100), (00010011)}.
2. Ïîñòðîèòü äëÿ çàäàííîãî îðèåíòèðîâàííîãî ãðàôà G = (V,E) åãî ìàòðèöó ñìåæíîñòè

AG, ìàòðèöó èíöèäåíòíîñòè BG è ñïèñêè ñìåæíîñòè. Âû÷èñëèòü ìàòðèöó äîñòèæèìîñòè AG∗

è ïîñòðîèòü ñîîòâåòñòâóþùèé ãðàô äîñòèæèìîñòè G∗.t t
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3. Îïðåäåëèòü äëÿ çàäàííîãî îðèåíòèðîâàííîãî ãðàôàG åãî êîìïîíåíòû ñèëüíîé ñâÿçíîñòè,
ïîðÿäîê (îòíîøåíèå äîñòèæèìîñòè) íà íèõ è âñå áàçû ãðàôà.
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4. Îïðåäåëèòü ÿâëÿåòñÿ ëè çàäàííûé íåîðèåíòèðîâàííûé ãðàô G = (V,E) äâóäîëüíûì.
Åñëè îí íå äâóäîëüíûé, òî êàêîâî ìèíèìàëüíîå ÷èñëî ðåáåð, êîòîðûå íóæíî èç íåãî óäàëèòü,
÷òîáû îí ñòàë äâóäîëüíûì? Ïðèâåäèòå îáîñíîâàíèå îòâåòà.
V = {a, b, c, e, f, g, h, k,m, n}, E = {(a, h), (a, n), (a, k), (b, k), (b, f), (b, m), (c, k), (c, h), (e, f), (e, g),
(f, a), (f,m), (g,m), (m,n)}.

5. Íàéòè ÷èñëî áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ, ÿâëÿþùèõñÿ îäíîâðåìåííî ñàìîäâîé-
ñòâåííûìè è ëèíåéíûìè. Ïðèâåñòè äîêàçàòåëüñòâî.
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Ìîäóëü 3

Âàðèàíò 1

1. Ïîñòðîèòü äëÿ çàäàííîãî íàãðóæåííîãî íåîðèåíòèðîâàííîãî ãðàôà G = (V,E) ìèíèìàëü-
íîå îñòîâíîå äåðåâî.
V = {a, b, c, d, e, f, g}, E = {(a, b; 12), (a, c; 9), (a, f ; 25), (a, g; 7), (b, d; 17), (b, f ; 27), (b, g; 10), (c, d; 15),
(c, g; 3), (d, e; 5), (d, f ; 20), (e, f ; 25)},
(çäåñü êàæäàÿ ñêîáêà (u, v; d) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ" c(u, v) = d ).

2. Îïðåäåëèòü äëÿ çàäàííîãî íàãðóæåííîãî ãðàôà G = (V = {a, b, c, d, e, f}, E) è âûäåëåííîé
âåðøèíû a ∈ V äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â îñòàëüíûå âåðøèíû G è ïîñòðîèòü
äåðåâî ýòèõ ïóòåé. 

a b c d e f
0 25 5 26 53 75

12 0 ∞ ∞ 120 40
∞ 15 0 20 47 60
∞ ∞ ∞ 0 30 45
∞ ∞ 75 20 0 20
40 15 15 26 ∞ 0



3. Îáîéòè (çàíóìåðîâàòü) âåðøèíû çàäàííîãî íåîðèåíòèðîâàííîãî ãðàôà G ñ ïîìîùüþ
àëãîðèòìà îáõîäà "â ãëóáèíó"è ïîñòðîèòü äåðåâî ýòîãî îáõîäà. Íà÷àòü îáõîä ñ âåðøèíû v1.
G = (V,E), ãäå V = {v1, v2, v3, v4, v6, v7, v8, v9, v10, v11}, E = {(v1, v2), (v1, v4), (v1, v8), (v2, v8),
(v2, v9), (v2, v11), (v3, v4), (v6, v3), (v3, v7), (v6, v7), (v10, v9)}.

4. Îïðåäåëèòü ïî íåîðèåíòèðîâàííîìó ãðàôó G = (V,E) ÷åòíûé ëè îí. Åñëè îí íå ÿâëÿåòñÿ
÷åòíûì, òî óäàëèòü èç íåãî ìèíèìàëüíîå ÷èñëî ðåáåð, ÷òîáû îí ñòàë ÷åòíûì. Ïîñòðîèòü â
èñõîäíîì èëè â ïîëó÷èâøåìñÿ ïîñëå óäàëåíèÿ ðåáåð ÷åòíîì ãðàôå Ýéëåðîâ öèêë.
V = {a, b, c, e, f, g, h, k,m, n}, E = {(a, c), (a, h), (a,m), (a, k), (b, c), (b, k), (b, f), (b, m), (c, k), (c,m),
(e, f), (e, g), (f, k), (f, n), (g,m), (g, h), (h, k), (h, m), (k, n)}.

5. Ïóñòü D = (V, T ) � ýòî îñòîâíîå äåðåâî, ïîñòðîåííîå àëãîðèòìîì îáõîäà "â ãëóáèíó"äëÿ
ãðàôà G=(V, E). Äîêàæèòå, ÷òî äëÿ êàæäîãî ðåáðà (u, v) èç E, íå ïîïàâøåãî â T (òàêèå ðåáðà
íàçûâàþòñÿ îáðàòíûìè), ëèáî u ÿâëÿåòñÿ ïðåäêîì v â D, ëèáî v ÿâëÿåòñÿ ïðåäêîì u â D.

Âàðèàíò 2

1. Ïîñòðîèòü äëÿ çàäàííîãî íàãðóæåííîãî íåîðèåíòèðîâàííîãî ãðàôà G = (V,E) ìèíèìàëü-
íîå îñòîâíîå äåðåâî.
V = {a, b, c, d, e, f, g, h, k}, E = {(a, b; 12), (a, c; 9), (a, f ; 25), (a, h; 7), (b, d; 13), (b, f ; 27), (b, g; 10), (c, d; 15),
(c, g; 3), (c, k; 10), (d, e; 5), (d, f ; 20), (e, f ; 25), (k, h; 12)},
(çäåñü êàæäàÿ ñêîáêà (u, v; d) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ" c(u, v) = d ).

2. Îïðåäåëèòü äëÿ çàäàííîãî íàãðóæåííîãî ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû a ∈ V
äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ
ïóòåé.

V = {a, b, c, d, e, f}, E = {(a, b; 154), (a, c; 17), (a, d; 214), (a, e; 63), (b, d; 25), (c, e; 33), (c, d; 192),
(c, b; 123), (d, f ; 5), (e, f ; 140), (d, e; 10)},
(çäåñü êàæäàÿ ñêîáêà (u, v;D) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ" c(u, v) = D ).

3. Îáîéòè (çàíóìåðîâàòü) âåðøèíû çàäàííîãî íåîðèåíòèðîâàííîãî ãðàôà G ñ ïîìîùüþ
àëãîðèòìà îáõîäà "â ãëóáèíó"è ïîñòðîèòü äåðåâî ýòîãî îáõîäà. Íà÷àòü îáõîä ñ âåðøèíû v3.
G = (V,E), ãäå V = {v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11}, E = {(v1, v2), (v1, v5), (v1, v6), (v2, v6),
(v3, v4), (v4, v7), (v5, v3), (v3, v7), (v8, v3), (v3, v11), (v3, v6), (v8, v7), (v8, v9), (v9, v10)}.

4. Ïîñòðîèòü ñõåìó èç ôóíêöèîíàëüíûõ ýëåìåíòîâ â áàçèñå F = {∧,∨,¬}, ðåàëèçóþùóþ ôóíê-
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öèþ ÷åòíîñòè: P (x1, x2, x3) = 1 ⇔ ÷èñëî åäèíèö ñðåäè àðãóìåíòîâ ÷åòíî (ò.å. (x1 + x2 + x3) �
÷åòíîå ÷èñëî). Îïðåäåëèòü ãëóáèíó ïîëó÷èâøåéñÿ ñõåìû è åå ñëîæíîñòü (÷èñëî ôóíêöèîíàëü-
íûõ ýëåìåíòîâ).

5. Ãäå â äîêàçàòåëüñòâå ïðàâèëüíîñòè àëãîðèòìà Äåéêñòðû èñïîëüçóåòñÿ íåîòðèöàòåëüíîñòü
âåñîâ ðåáåð? Ïðèâåäèòå ïðèìåð ãðàôà (ñ îòðèöàòåëüíûìè âåñàìè), äëÿ êîòîðîãî àëãîðèòì
Äåéêñòðû äàåò íåâåðíûé îòâåò.

Âàðèàíò 3

1. Ïîñòðîèòü äëÿ çàäàííîãî íàãðóæåííîãî íåîðèåíòèðîâàííîãî ãðàôà G = (V,E) ìèíèìàëü-
íîå îñòîâíîå äåðåâî.
V = {a, b, c, d, e, f, g, h, k}, E = {(a, b; 10), (a, c; 19), (a, k; 25), (a, g; 7), (b, d; 17), (b, f ; 27), (b, g; 10), (c, d; 15),
(c, g; 3), (f, h; 9), (d, e; 5), (d, f ; 20), (e, f ; 20), (h, k; 15)},
(çäåñü êàæäàÿ ñêîáêà (u, v; d) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ" c(u, v) = d ).

2. Îïðåäåëèòü äëÿ çàäàííîãî íàãðóæåííîãî ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû A ∈ V
äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ
ïóòåé. 

A B C D E F
0 138 271 126 110 ∞

34 0 81 75 5 ∞
∞ 9 0 20 ∞ 10
∞ ∞ ∞ 0 30 15
∞ 20 5 12 0 30
10 ∞ 15 20 ∞ 0



3. Îáîéòè (çàíóìåðîâàòü) âåðøèíû çàäàííîãî íåîðèåíòèðîâàííîãî ãðàôà G ñ ïîìîùüþ àë-
ãîðèòìà îáõîäà "â ãëóáèíó"è ïîñòðîèòü äåðåâî ýòîãî îáõîäà.
G = (V,E), ãäå V = {v1, v2, v3, v4, v6, v7, v8, v9, v10, v11}, E = {(v1, v2), (v1, v4), (v4, v8),
(v2, v9), (v2, v11), (v3, v4), (v6, v3), (v3, v7), (v6, v7), (v10, v9)}.

4. Ïîñòðîèòü óïîðÿäî÷åííóþ áèíàðíóþ äèàãðàììó ðåøåíèé, ðåàëèçóþùóþ ôóíêöèþ : P (x1, x2, x3) =
1 ⇔ ÷èñëî åäèíèö ñðåäè àðãóìåíòîâ íå÷åòíî (ò.å. (x1 + x2 + x3) � íå÷åòíîå ÷èñëî). Îïðåäå-
ëèòå ñëîæíîñòü (÷èñëî âåðøèí, ïîìå÷åííûõ ïåðåìåííûìè) â ïîëó÷èâøåéñÿ äèàãðàììå ( "õî-
ðîøåå"ðåøåíèå - äèàãðàììà ñ 5 òàêèìè âåðøèíàìè).

5. Íåîðèåíòèðîâàííûé ãðàô G = (V,E) íàçûâàåòñÿ ñâÿçíûì, åñëè äëÿ ëþáîé ïàðû âåðøèí èç
V èìååòñÿ ñîåäèíÿþùèé èõ ïóòü. Äîêàæèòå, ÷òî â ñâÿçíîì íåîðèåíòèðîâàííîì ãðàôå ëþáûå
äâà ïðîñòûõ ïóòè ìàêñèìàëüíîé äëèíû èìåþò îáùóþ âåðøèíó.
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